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ABSTRACT
A class of non abelian affine Toda models arising from the axial gauged two-loop WZW
model is presented. Their zero curvature representation is constructed in terms of a graded
Kac-Moody algebra. It is shown that the discrete multivacua structure of the potential
together with non abelian nature of the zero grade subalgebra allows soliton solutions with
non trivial electric and topological charges. The dressing transformation is employed to
explicitly construct one and two soliton solutions and their bound states in terms of the tau
functions. A discussion of the classical spectra of such solutions and the time delays are
given in detail.
1 Introduction
The particle-like nonperturbative solutions of the Yang-Mills-Higgs (YMH) model and of
the self-dual Yang-Mills (SDYM) equations - monopoles, dyons, instantons, etc , as well as
their extended solutions -domain walls (DW) and strings - are known to have many common
features with the soliton solutions of certain 1- and 2-D integrable models (IM). Each of these
solutions corresponds to specific boundary conditions (b.c.’s) imposed on the 4-D fields, Aaµ
and φa at space infinities, that in general break translational invariance, Lorentz rotations
and the gauge symmetry. As a consequence the 4-D SDYM (or YMH- Bogomolny) equations
are reduced to lower dimensional integrable equations. The most representative example
is the spherical symmetric 1-monopole of the SU(r + 1)-YMH model described in terms of
specific solutions of 1-D SU(r + 1)- abelian Toda theory [1].
Recently, solitons of 2-D N = 2 supersymmetric CP r model ( and its mirror dual N = 2
SU(r+1) abelian affine Toda model )have been identified as BPS domain walls of 4-D N = 1
supersymmetric SU(r + 1) YM theory [2],[3],[4]. Since large r limits of N = 1 SUSY YM
and of the ordinary QCD are believed to coincide [5], one expects that domain walls of non
SUSY YMH (for large r and maximal breaking SU(r+1)→ U(1)r) to be related to solitons
of 2-D SU(r + 1) abelian affine Toda model. The known exact solitonic results of the 2-D
IMs can than be used to describe nonperturbative properties of the domain walls [2], [3]. The
domain wall’s tensions, for instance are proportional to the soliton masses. DW’s junctions
are related to the multisolitons, breathers ans excited solitons, etc.
In (super)string aproach to 4-D YMH theory, the DW’s appear as specific D2-branes
where QCD string can end [4]. An interesting “soliton solution ” of 10-D (or 26-D) low energy
effective field theory requires together with simple DW’s, for instance, U(1) charged DW’s,
n- coincident D2-branes, nonstatic (but stationary ) DW’s, etc. The explicit description of
such DW’s in terms of 2-D solitons addresses the problem of constructing new families of IMs
of dyonic type admiting U(1) charged topological solitons, global (or local ) U(1) Noether
symmetry, CPT breaking θ-terms (see for instance [6]) The abelian affine Toda theories are
examples of IM’s satisfying none of these requirements. It is natural to seek for such dyonic
IM’s within the class of non-abelian affine Toda models [10],[13]. Integrable models with
U(1) (or more general U(1)r) symmetry such as the Lund-Regge (LR) (or complex Sine-
Gordon, CSG) model [7] and its homogeneous space SG generalizations [8] appear to be of
purely electric type: their solitons are U(1)r charged but nontopological. The simplest IM
of dyonic type with Lagrangean
L =
1
2
r∑
i,j=2
Kij∂
µϕi∂µϕj + e
−βϕ2
(∂µψ∂µχ+ ǫ
µν∂µψ∂νχ)
1 + β2 n+1
2n
ψχe−βϕ2
−
µ2
β2
(
r∑
i=2
e−βKijϕj + eβ(ϕr+ϕ2)(1 + β2ψχe−βϕ2)− r
)
(1.1)
Kij = 2δij − δi,j−1 − δi,j+1, i, j = 2, · · · r, have been studied in our recent paper [9]. For
imaginary coupling β → iβ0 its potential has r−1 distinct vacua, Z2⊗Zr−1 symmetry and as
a consequence the model (1.1) admits, together with the neutral topological solitons (of the
A
(1)
r−1 abelian affine Toda type ), the U(1) charged topological 1-solitons with spectra quite
1
similar to the YMH dyons [9]. These dyonic type of solitons share many of the properties of
the charged DWs in the N = 1 SYM for nonmaximal breaking SU(r+1)→ SU(2)⊗U(1)r−1.
The present paper is devoted to the systematic construction of IM of dyonic type and
of their multisoliton and breather solutions. The method used in the derivation of their
action represents a functional integral version of the Leznov-Saveliev algebraic approach [10]
to the Gˆr non-abelian (NA) affine Toda IM. It is explained in Sect. 2 that a large class
of 2-D IM can be defined as axial (or vector ) gauged two loop WZW models Hˆ−\Gˆr/Hˆ+
[11] by extending the methods for constructing conformal σ-models and conformal NA-Toda
[16] to include all integrable (non conformal ) perturbations. As it is well known each affine
(Kac-Moody) algebra Gˆr gives rise to many different IM’s depending on the choice of specific
graded structure defined in terms of a grading operator denoted by Q and by the constant
grade ±1 elements ǫ± (or ±p, for higher grading model).
The zero grade (factor) group Γ0 = Hˆ−\Gˆr/Hˆ+ is parametrized by the (physical ) fields
(say ϕi, ψ, χ ) present in the action
1. The elements of the zero grade subalgebras G00 ⊂ G0
such that [G00 , ǫ±] = 0, generates the (Noether) symmetries of the corresponding IM. They
are by construction, local symmetries and when gauged away, give rise to the so called
singular NA affine Toda with G00 as the global symmetry group. The soliton charges are
shown to depend upon G00 and upon the specific form of ǫ± which defines the potential of our
IM V = Tr (B−1ǫ+Bǫ−) , (B ∈ G0/G
0
0) and on the boundary condition (b.c.’s ) imposed
upon the fields. The model of magnetic type has no Noether charges {G00} = ∅ and ǫ± are
chosen in such way that provides nontrivial zeros of the potential V . They have maximal
number of magnetic (i.e. topological ) charges mi : Λ =
2π
β
∑r
i=1miα
v
i . The electric type
IM are characterized by the maximal number of Noether charges G00 ≡ U(1)
r that restrict
ǫ± =
∑r
i=1 µih
(±1)
i , (Q = dˆ), (homogeneous gradation) and for the standard b.c. (all fields
vanish at ±∞ ) leads to potentials with trivial magnetic charges. The main characteristic
of the IM of dyonic type is that only a part of the Cartan subalgebra Hr = ⊕
r
1U(1), (i.e.
G00 = U(1)
s, 0 ≤ s ≤ r) generates Noether symmetries (i.e. the number of U(1) charges is
0 ≤ s ≤ r) and the rest r− s can be converted into magnetic charges ma, a = s+1, · · · , r if
ǫ± are appropriately choosen. The generic type U(1) dyonic IM (i.e. s = 1) is defined by
Q = h˜dˆ+
r∑
i 6=a
2λi ·H
(0)
α2i
, ǫ± =
∑
i 6=a
µiE
(0)
±αi +
∑
l
µ0lE
(±1)
∓β0l
(1.2)
G00 = {λa · H
(0), 1 ≤ a ≤ r, } a fixed, αi are the simple roots of Gˆr and β0l are specific
composite roots. The exact algebraic criterium for the construction of U(1) dyonic IMs of
axial type is given in Sect. 2. The condition for absence (or presence ) of CPT-breaking
terms as well as the derivation of the CPT-invariant dyonic IMs of the vector type ( the T-
duals of (1.1)) are presented in [9] and [25] . The IM (1.1) corresponds to Gˆr = A
(1)
r , a = 1
(i.e. G00 = λ1 ·H
(0)), β0 = α2 + α3 + · · ·+ αr, h˜ = r and µi = µ0l = µ.
We further choose to study the IM (1.1) as representative of the family of a single U(1)
charge IM described in Sect. 2. The remaining part of the paper (Sects. 3-8) contains the
explicit constructions of all 1- and 2- soliton solutions and their bound states by employing
1 Note that the nonconformal affine NA Toda models are constructed in terms of the centerless Kac-Moody
algebra, i.e. cˆ = 0
2
the method of dressing transformation (or “ vertex operators”, or “soliton specialization”
“τ -function”). The complete list of “irreducible” particle-like solutions contains together
with the U(1) charged topological 1-soliton also neutral topological 1-solitons of species a
[20], and their bound states:
• “2-neutral vertex” solution, that coincides with A
(1)
r−1 abelian affine Toda bound states
[12].
• “3-vertex ” describing the one charged 1-soliton and one neutral 1-soliton bound state
• “4-vertex” representing a bound state of two charged 1-(anti) solitons.
An important feature of the neutral and charged (multi) solitons and bound states of IMs
(1.1) is the so called vacuum degeneration. It consists in the existence of soliton solutions
with same energy, momentun, mass, electric charge, but with different number (moduli )
parameters and different form of the solutions (i.e. τ -functions ). They are constructed by
appropriated modification of the defining constant element g, characteristic of the dressing
method (see Sect. 4.3 and 5).
The scattering phase shifts (time delays ) are derived in Sect.6 from the explicit form of
the various 2-soliton - antisoliton solutions.
2 Construction of the Model
The generic NA Toda models are classified according to a G0 ⊂ G embedding induced
by the grading operator Q decomposing an finite or infinite Lie algebra G = ⊕iGi where
[Q,Gi] = iGi and [Gi,Gj] ⊂ Gi+j . A group element g can then be written in terms of the
Gauss decomposition as
g = NBM (2.1)
where N = exp G<, B = exp G0 and M = exp G>. The physical fields lie in the zero grade
subgroup B and the models we seek correspond to the coset H−\G/H+, for H± generated
by positive/negative grade operators.
For consistency with the hamiltonian reduction formalism, the phase space of the G-
invariant WZNW model is reduced by specifying the constant generators ǫ± of grade ±1. In
order to derive an action for B, invariant under
g −→ g′ = α−gα+, (2.2)
where α±(z, z¯) lie in the positive/negative grade subgroup we have to introduce a set of
auxiliary gauge fields A ∈ G< and A¯ ∈ G> transforming as
A −→ A′ = α−Aα
−1
− + α−∂α
−1
− , A¯ −→ A¯
′ = α−1+ A¯α+ + ∂¯α
−1
+ α+, (2.3)
where z = 1
2
(t + x), z¯ = 1
2
(t − x). The resulting action is the G/H(= H−\G/H+) gauged
WZNW
SG/H(g, A, A¯) = SWZNW (g)
−
k
2π
∫
d2xTr
(
A(∂¯gg−1 − ǫ+) + A¯(g
−1∂g − ǫ−) + AgA¯g
−1
)
.
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Since the action SG/H is H-invariant, we may choose α− = N
−1 and α+ = M
−1. From the
orthogonality of the graded subpaces, i.e. Tr(GiGj) = 0, i+ j 6= 0, we find
SG/H(g, A, A¯) = SG/H(B,A
′, A¯′)
= SWZNW (B)−
k
2π
∫
d2xTr[−A′ǫ+ − A¯
′ǫ− + A
′BA¯′B−1], (2.4)
where
SWZNW = −
k
4π
∫
d2xTr(g−1∂gg−1∂¯g) +
k
24π
∫
D
ǫijkTr(g−1∂igg
−1∂jgg
−1∂kg)d
3x, (2.5)
and the topological term denotes a surface integral over a ball D identified as space-time.
Action (2.4) describes the non singular Toda models among which we find the Conformal
and the Affine abelian Toda models where Q =
∑r
i=1
2λi·H
α2
i
, ǫ± =
∑r
i=1 µ±iE±αi and Q =
hd+
∑r
i=1
2λi·H
(0)
α2
i
, ǫ± =
∑r
i=1 µ±iE
(0)
±αi +µ0E
(±1)
∓ψ respectively, ψ denote the highest root, λi
are the fundamental weights and h the coxeter number of G.
Performing the integration over the auxiliary fields A and A¯, the functional integral
Z± =
∫
DADA¯ exp(F±), (2.6)
where
F± = −
k
2π
∫ (
Tr(A− Bǫ−B
−1)B(A¯− B−1ǫ+B)B
−1
)
d2x (2.7)
yields the effective action
S = SWZNW (B) +
k
2π
∫
Tr
(
ǫ+Bǫ−B
−1
)
d2x (2.8)
The action (2.8) describes integrable perturbations of the G0-WZNW model. Those pertur-
bations are classified in terms of the possible constant grade ±1 operators ǫ±.
More interesting cases arises in connection with non abelian embeddings G0 ⊂ G. In
particular, if we supress one of the fundamental weights from Q, the zero grade subspace
G0, acquires a nonabelian structure sl(2) ⊗ u(1)
rankG−1. Let us consider for instance Q =
h′d+
∑r
i 6=a
2λi·H
α2
i
, where h′ = 0 or h′ 6= 0 2 corresponding to the Conformal or Affine nonabelian
(NA) Toda respectively. The absence of λa in Q prevents the contribution of the simple root
step operator E(0)αa in constructing ǫ+. It in fact, allows for reducing the phase space even
further. This fact can be understood by enforcing the nonlocal constraint JY ·H = J¯Y ·H = 0
where Y is such that [Y ·H, ǫ±] = 0 and J = g
−1∂g and J¯ = −∂¯gg−1. Those generators of G0
commuting with ǫ± define a subalgebra G
0
0 ⊂ G0. Such subsidiary constraint is incorporated
into the action by requiring symmetry under [16]
g −→ g′ = α0gα
′
0 (2.9)
where we shall consider α′0 = α0(z, z¯) ∈ G
0
0 , i.e., axial symmetry (the vector gauging is
obtained by choosing α′0 = α0
−1(z, z¯) ∈ G00 , see for instance the second ref. in [25]). Auxiliary
2 For the Kac-Moody case we are suppressing the index (0) in defining the Cartan subalgebra of G
4
gauge fields A0 = a0Y ·H and A¯0 = a¯0Y ·H ∈ G
0
0 are introduced to construct an invariant
action under transformations (2.9)
S(B,A0, A¯0) = S(g
f
0 , A
′
0, A¯′0) = SWZNW (B) +
k
2π
∫
Tr
(
ǫ+Bǫ−B
−1
)
d2x
−
k
2π
∫
Tr
(
A0∂¯BB
−1 + A¯0B
−1∂B + A0BA¯0B
−1 + A0A¯0
)
d2x
(2.10)
where the auxiliary fields transform as
A0 −→ A
′
0 = A0 − α
−1
0 ∂α0, A¯0 −→ A¯
′
0 = A¯0 − ∂¯α
′
0(α
′
0)
−1.
Such residual gauge symmetry allows us to eliminate an extra field associated to Y · H .
Notice that the physical fields gf0 lie in the coset G0/G
0
0 = (sl(2)⊗ u(1)
rankG−1)/u(1) of
dimension rankG + 1 and are classified according to the gradation Q. It therefore follows
that S(B,A0, A¯0) = S(g
f
0 , A
′
0, A¯0
′
).
In [15] a detailed study of the gauged WZNW construction for finite dimensional Lie
algebras leading to Conformal NA Toda models was presented. The study of its symmetries
was given in refs. [16]. Here we generalize the construction of ref. [15] to infinite dimen-
sional Lie algebras leading to NA Affine Toda models characterized by the broken conformal
symmetry and by the presence of solitons.
Consider the Kac-Moody algebra Ĝ
[T am, T
b
n] = f
abcT cm+n + cˆmδm+nδ
ab
[dˆ, T an ] = nT
a
n ; [cˆ, T
a
n ] = [cˆ, dˆ] = 0 (2.11)
The NA Toda models we shall be constructing are associated to gradations of the type
Qa(h
′) = h′ad +
∑r
i 6=a
2λi·H(0)
α2
i
, where h′a is chosen such that the gradation, Qa(h
′), acting on
infinite dimensional Lie algebra Gˆ ensures that the zero grade subgroup G0 coincides with
its counterpart obtained with Qa(h
′ = 0) acting on the Lie algebra G of finite dimension
apart from two commuting generators cˆ and dˆ. Since they commute with G0, the kinetic
part decouples such that the conformal and the affine singular NA-Toda models differ only
by the potential term characterized by ǫˆ±.
The integration over the auxiliary gauge fields A and A¯ requires explicit parametrization
of B.
B = exp(χ˜E
(0)
−αa) exp(R
r∑
i=1
YiH
(0)
i + Φ(H) + νcˆ+ ηdˆ) exp(ψ˜E
(0)
αa ) (2.12)
where Φ(H) =
∑r
j=1
∑r
i=2 ϕiX
j
iHj
(0), where
∑r
j=1 YjX
j
i = 0, i = 2, · · · , r. After gauging away
the nonlocal field R, the factor group element becomes
gf0 = exp(χE
(0)
−αa) exp(Φ(H) + νcˆ + ηdˆ) exp(ψE
(0)
αa ) (2.13)
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where χ = χ˜e
1
2
(Y ·αa)R, ψ = ψ˜e
1
2
(Y ·αa)R. We therefore get for the zero grade component
F0 = −
k
2π
∫
Tr
(
A0∂¯g
f
0 (g
f
0 )
−1 + A¯0(g
f
0 )
−1∂gf0 + A0g
f
0 A¯0(g
f
0 )
−1 + A0A¯0
)
d2x
= −
k
2π
∫ (
a0a¯02Y
2∆− 2(
αa · Y
α2a
)(a¯0ψ∂χ + a0χ∂¯ψ)e
Φ(αa)
)
d2x (2.14)
where ∆ = 1 + (Y ·αa)
2
2Y 2
ψχeΦ(αa), [Φ(H), E(0)αa ] = Φ(αa)E
(0)
αa .
The effective action is obtained by integrating over the auxiliary fields A0, A¯0,
Z0 =
∫
DA0DA¯0 exp(F0) (2.15)
The total action (2.10) is therefore given as
S = −
k
4π
∫ (
Tr(∂Φ(H)∂¯Φ(H)) +
2∂¯ψ∂χ
∆
eΦ(αa) + ∂η∂¯ν + ∂ν∂¯η − 2Tr(ǫˆ+g
f
0 ǫˆ−(g
f
0 )
−1)
)
d2x
(2.16)
Note that the second term in (2.16) contains both symmetric and antisymmetric parts:
eΦ(αa)
∆
∂¯ψ∂χ =
eΦ(αa)
∆
(gµν∂µψ∂νχ+ ǫ
µν∂µψ∂νχ), (2.17)
where gµν is the 2-D metric of signature gµν = diag(1,−1), ǫ
µν is the totally antisymmetric
tensor ǫ01 = 1. For n = 1 (G ≡ A1, Φ(α1) is zero) the antisymmetric term is a total
derivative:
ǫµν
∂µψ∂νχ
1 + ψχ
=
1
2
ǫµν∂µ
(
ln {1 + ψχ} ∂ν ln
χ
ψ
)
, (2.18)
and it can be neglected. This A1-NA-Toda model (in the conformal case), is known to
describe the 2-D black hole solution for (2-D) string theory [18]. The G-NA conformal Toda
model can be used in the description of specific (n+1)-dimensional black string theories [19],
with (n-1)-flat and 2-non flat directions (gµνGab(X)∂µX
a∂νX
b, Xa = (ψ, χ, ϕi)), containing
axions (ǫµνBab(X)∂µX
a∂νX
b) and tachions (exp {−kijϕj}), as well. The affine A1-NA Toda
theory with ǫ± = H
(±) corresponds to the Lund-Regge model describing charged solitons
[24].
It is clear that the presence of the eΦ(αa) in (2.16) is responsible for the antisymmetric
tensor generating the axionic terms. On the other hand, notice that Φ(αa) depends upon
the subsidiary nonlocal constraint JY ·H = J¯Y ·H = 0 and hence upon the choice of the vector
Y. It is defined to be orthogonal to all roots contained in ǫ±. A Lie algebraic condition for
the absence of axionic terms was found in [15] and has provided a construction of a family
of torsionless NA Toda models in [25].
The action (2.16) is invariant under the global U(1) transformation
ψ → eiǫψ, χ→ e−iǫχ (2.19)
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The corresponding Noether current is
Jµ = −
ik
2π
eΦ(αa)
∆
{ψ (gνµ∂νχ− ǫ
νµ∂νχ)− χ (g
νµ∂νψ + ǫ
νµ∂νψ)} (2.20)
and the electric charge is given in terms of the nonlocal field R defined below in (3.2) as
Q =
∫
Jodx = −
ik
π
(
r
r + 1
)
[R(∞)− R(−∞)] . (2.21)
Apart from the global U(1) symmetry (2.19) there is a discrete set of field transformations
leaving the action (2.16) unchanged. Such transformations (for imaginary β, β → iβ0) give
rise to multivacua configuration and hence to nontrivial topological charges
Qj =
∫ +∞
−∞
J0j dx, J
µ
j =
1
2πi
ǫµν∂νϕj, j = 2, · · · r
Qθ =
∫ +∞
−∞
J0θdx J
µ
θ = −i
1
2β2
ǫµν∂ν ln
(
χ
ψ
)
(2.22)
Let us explicitly consider the A(1)r model described by the Lagrangean density (3.10) (with
fields rescaled by ϕi → βϕi, χ → βχ, ψ → βψ, β
2 = −2π
k
) invariant under the following set
of discrete transformations,
ϕ′j = ϕj +
2π(j − 1)N
β0r
, j = 2, · · · r, χ′ = eiπ(
N
r
+s2)χ, ψ′ = eiπ(
N
r
+s1)ψ (2.23)
where s1, s2 are both even or odd integers and the following CP transformations (P: x→ −x)
ϕ′′j = ϕj, j = 2, · · · r, χ
′′ = ψ, ψ′′ = χ (2.24)
The minimum of the potential ( for the choice η = 0) corresponds to the following field
configuration
ϕ
(N)
j =
2π(j − 1)N
β0r
, θ(L) =
1
2iβ0
ln
(
χ
ψ
)
=
πL
β0
, ρ(0) = 0 j = 2, · · · r (2.25)
where N,L are arbitrary integers, and the new fields θ and ρ are defined as
ψ =
1
β0
eiβ0(
1
2
ϕ2−θ) sinh(β0ρ), χ =
1
β0
eiβ0(
1
2
ϕ2+θ) sinh(β0ρ) (2.26)
In fact eqns, (2.25) also represent constant solutions of the eqns. of motion (3.6)-(3.9) which
allows us to derive the values of the topological charge (2.22):
Qj =
1
r
(j − 1)(N+ −N−), Qθ = −
π
β20
(L+ − L−)
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3 Zero Curvature and Equations of Motion
The equations of motion for the NA Toda models are known to be of the form [10]
∂¯(B−1∂B) + [ǫˆ−, B
−1ǫˆ+B] = 0, ∂(∂¯BB
−1)− [ǫˆ+, Bǫˆ−B
−1] = 0 (3.1)
The subsidiary constraint JY ·H(0) = Tr(B
−1∂BY ·H(0)) and J¯Y ·H(0) = Tr(∂¯BB
−1Y ·H(0)) = 0
can be consistently imposed since [Y ·H(0), ǫˆ±] = 0 as can be obtained from (3.1) by taking
the trace with Y.H(0). Solving those equations for the nonlocal field R yields,
∂R = (
Y · αa
Y 2
)
ψ∂χ
∆
eΦ(αa), ∂¯R = (
Y · αa
Y 2
)
χ∂¯ψ
∆
eΦ(αa) (3.2)
The equations of motion for the fields ψ, χ and ϕi, i = 2, · · · , r obtained from (3.1) af-
ter imposing the subsidiary constraints (3.2) coincide precisely with the Euler-Lagrange
equations derived from (2.16). Alternatively, (3.1) admits a zero curvature representation
∂A¯− ∂¯A+ [A, A¯] = 0 where
A = Bǫˆ−B
−1, A¯ = −ǫˆ+ − ∂¯BB
−1 (3.3)
Whenever the constraints (3.2) are incorporated into A and A¯ in (3.3), equations (3.1) yields
the zero curvature representation of the NA singular Toda models.
We shall be considering Gˆ = A(1)r , Q = rdˆ +
∑r
i=2 2
λi·H
(0)
α2
i
,
∑r
i=1 YiH
(0)
i = 2
λ1·H(0)
α21
,∑r
j=1X
j
iH
(0)
j = h
(0)
i =
2αi·H(0)
α2
i
and ǫˆ± = µ
(∑r
i=2E
(0)
±αi + E
(±1)
∓(α2+···+αr)
)
, µ > 0.
Using the explicit parametrization of B given in (2.12), we find, in a systematic manner,
the following form for A and A¯
A = µ(
r∑
i=2
e
−
∑r
j=2
Ki,jϕjE
(0)
−αi − χe
− 1
2
R−2ϕ2+ϕ3E
(0)
−α1−α2
+ ψe
1
2
R+ϕr−ηE
(−1)
α1+···αr + (1 + ψχe
−ϕ2)E
(−1)
α2+···+αre
ϕ2+ϕr−η) (3.4)
and
A = µ
(
−
r∑
i=2
E(0)αi −E
(1)
−α2−...−αr
)
−
(
∂χ− χ∂ϕ2 + (
1
2λ21
− 1)
χ2∂ψ
∆
e−ϕ2
)
e−
1
2
RE
(0)
−α1
−
∂ψ
∆
e
1
2
R−ϕ2E(0)α1 − ∂νcˆ− ∂ηdˆ−
r∑
i=2
∂ϕih
(0)
i −
χ∂ψ
∆
e−ϕ2
r∑
j=2
(
r + 1− j
r
)
h
(0)
j , (3.5)
leading to the following equations of motion
∂∂η = 0, ∂∂ν = µ2eϕr−η(eϕ2 + ψχ), (3.6)
∂
(
e−ϕ2∂ψ
∆
)
+
(
r + 1
2r
)
ψe−2ϕ2∂χ∂ψ
∆2
+ µ2eϕr−ηψ = 0, (3.7)
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∂(
e−ϕ2∂χ
∆
)
+
(
r + 1
2r
)
χe−2ϕ2∂χ∂ψ
∆2
+ µ2eϕr−ηχ = 0 (3.8)
∂∂¯ϕi + (
r + 1− i
r
)
∂χ∂¯ψe−ϕ2
∆2
+ µ2eϕ2+ϕr−η
(
1 + (
i− 1
r
)ψχe−ϕ2
)
− µ2e−
∑r
j=2
Kijϕj = 0, (3.9)
i = 2, · · · r, where we have normalized α2 = 2.
The equations of motion (3.6)-(3.9) can be derived from the action
Seff = −
k
4π
∫
d2x
 r∑
i,j=2
Ki,j∂ϕi∂ϕj + ∂ν∂η + ∂η∂ν
+
2e−ϕ2∂χ∂ψ
∆
− 2µ2
(
r∑
i=2
e
−
∑r
j=2
Ki,jϕj + eϕr+ϕ2−η(1 + ψχe−ϕ2)
))
. (3.10)
The fundamental Poisson bracket relation (FPR) can be derived for the Ax = A − A¯ com-
ponent of the two dimensional gauge connection. It relates the cannonical structure derived
from the action (3.10) and a Lie algebraic structure by the classical r matrix. Explicit
construction of the FPR is given in ref. [14].
The model is invariant under conformal transformations, i.e. z → f(z) e z¯ → f¯(z¯), where
(f, f¯) are analytic functions and the fields transform as
χ(z, z¯)→
(
f¯ ′
) 1−r
2 χ(f, f¯), ψ(z, z¯)→ (f ′)
1−r
2 ψ(f, f¯),
η(z, z¯)→ η(f, f¯)− rln
(
f ′(z)f¯ ′(z¯)
)
ϕi(z, z¯)→ ϕi(f, f¯)−
(i− 1)(r − i+ 1)
2
ln
(
f ′(z)f¯ ′(z¯)
)
, i = 2, · · · r
ν(z, z¯)→ ν(f, f¯) + δln
(
f ′(z)f¯ ′(z¯)
)
(3.11)
where δ is arbitrary. The infinite dimensional conformal symmetry (3.11) is generated by
the chiral componentes of the improved stress energy momentum tensor
T (z) = −
k
4π
(
1
2
Ki,j∂ϕi∂ϕj +
∂ψ∂χ
∆
e−ϕ2 + ∂η∂ν
+
(r − 1)
2
∂(
ψ∂χ
∆
e−ϕ2) + ∂2(
r∑
i=2
ϕi + rν)) (3.12)
and the same for T¯ obtained by ∂ → ∂¯, ψ → χ.
4 Dressing Transformation, Vertex Operators and De-
generate Physical States
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4.1 Dressing
The conformal invariance may be broken by taking a particular solution of the first eqn.
of motion in (3.6) namely η = const. Equations (3.7)-(3.9) do not depend on ν and can
be solved independently. The set of equations (3.7)-(3.9) with η = const defines the affine
NA Toda model and their zero curvature representation is given by (3.4) and (3.5) with
η = const.
A well established method for determining soliton solutions is provided by the dressing
of a vacuum into a non trivial solution by gauge transformation [13]. The zero curvature
condition implies pure gauge connections, A = −∂TT−1 and A¯ = −∂¯TT−1. Suppose there
exist a vacuum solution satisfying
∂¯BvacB
−1
vac = µ
2zcˆ, Bvacǫ
−B−1vac = ǫ
− (4.1)
leading to
Avac = ǫ
−, Avac = −ǫ
+ − µ2zcˆ. (4.2)
where [ǫ+, ǫ−] = µ2cˆ. The solution for Avac = −∂T0T
−1
0 and A¯vac = −∂¯T0T
−1
0 is therefore
given by
T0 = exp(−zǫ
−) exp(zǫ+). (4.3)
The dressing method is based on the assumption of the existence of two gauge transforma-
tions generated by Θ±, mapping the vacuum into non trivial configuration, i.e.
A = Θ±Avac(Θ
±)−1 − ∂Θ±(Θ±)−1 (4.4)
and
A = Θ±Avac(Θ
±)−1 − ∂Θ±(Θ±)−1 (4.5)
or
Bǫ−B−1 = Θ±ǫ−(Θ±)−1 − ∂Θ±(Θ±)−1 (4.6)
and
− ǫ+ − ∂BB−1 = Θ±(−ǫ+ − µ2zcˆ)(Θ±)−1 − ∂Θ±(Θ±)−1. (4.7)
As a consequence we relate
Θ+T0 = Θ
−T0g, (4.8)
where g is an arbitrary constant group element. We suppose that Θ± are group elements of
the form
Θ− = et(0)et(−1)et(−2) · · · , Θ+ = ev(0)ev(1)ev(2) · · · (4.9)
where t(−i), v(i) are linear combinations of grade (−i) and (i) generators respectively ( i =
0, 1, · · ·). In considering Θ− the zero grade component of (4.6) admits solution
t(0) = eH(z¯) (4.10)
For Θ+ the zero grade of equation (4.7) admits
ev(0) = BeG(z)−µ
2zz¯cˆ (4.11)
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where H(z¯), G(z) ∈ G00 , i.e. commute with both ǫ
±. From (4.7) for Θ− we get for the zero
grade
∂¯BB−1 = eH(z¯)[t(−1), ǫ+]e−H(z¯) + µ2zcˆ + (∂¯eH(z¯))e−H(z¯) (4.12)
From (4.6) for Θ+ we obtain by comparing the zero grade
0 = ev(0)[v(1), ǫ−]e−v(0) − ∂ev(0)e−v(0) (4.13)
Inserting (4.11) in (4.13) we get
B−1∂B − µ2z¯cˆ = eG(z)[v(1), ǫ−]e−G(z) −B−1(∂eG(z))e−G(z)B (4.14)
Multipling (4.12) and (4.14) by an element of G00 and taking the trace we find that the choice
H(z¯) = G(z) = 0 implies the subsidiary conditions
Tr(B−1∂BG00 ) = Tr(∂¯BB
−1G00) = 0. (4.15)
and in eqns. (3.2). From eqn. (4.8) we find
...e−t(−2)e−t(−1)Be−µ
2zzcˆev(1)ev(2)... = T0gT
−1
0 . (4.16)
hence,
< λ′|B exp(−µ2zzcˆ)|λ >=< λ′|T0gT
−1
0 |λ > . (4.17)
where |λ > and < λ′| are annihilated by G> and G< respectively. Explicit space time
dependence for fields ∈ G0/G
0
0 is given by choosing specific matrix elements, defining the so
called tau functions,
τ0 ≡ e
ν−µ2zz¯ = < λ0|T0gT
−1
0 |λ0 >,
τR ≡ e
rR
r+1
+ν−µ2zz¯ = < λ1|T0gT
−1
0 |λ1 >,
τj ≡ e
λ1·λjR+ϕj+ν−µ2zz¯ = < λj|T0gT
−1
0 |λj >, j = 2, · · · r
τψ ≡ e
1
2
r−1
r+1
R+ν−µ2zz¯ψ = < λ1|T0gT
−1
0 E
(0)
−α1 |λ1 >,
τχ ≡ e
1
2
r−1
r+1
R+ν−µ2zz¯χ = < λ1|E
(0)
α1
T0gT
−1
0 |λ1 > (4.18)
where for SL(r + 1), λ1 · λj =
r+1−j
r+1
.
4.2 Vertex Operators
Suppose we now write the constant group element g in (4.8) as
g = exp[F (γ)], (4.19)
where γ is complex parameter and choose F (γ) to be an eigenstate of ǫ±, i.e.
[ǫ±, F (γ)] = f±(γ)F (γ), (4.20)
where f± are specific functions of γ. It therefore follows that,
T0gT
−1
0 = exp{ρ(γ)F (γ)} (4.21)
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where
ρ = exp{−zf−(γ) + zf+(γ)}, (4.22)
For more general cases where
g = exp[F1(γ1)] exp[F2(γ2)]... exp[FN (γN)], (4.23)
with
[ǫ±, Fi(γi)] = f
±
i (γi)Fi(γi), (4.24)
we find
T0gT
−1
0 = exp[ρ1(γ1)F1(γ1)] exp[ρ2(γ2)F2(γ2)]... exp[ρN (γN)FN(γN)], (4.25)
where
ρi(γi) = exp[−zf
−
i (γi) + zf
+
i (γi)]. (4.26)
For the Ar case, it is possible to show that F
2 = 0 since F (γi) is constructed in terms of vertex
operators [23]. In our specific model, the gradation interpolates between the homogeneous
and the principal gradations given by Q = rD +
∑r
i=2
2λi.H(0)
α2
i
. The constant grade ±1
generators are
ǫ+ = µ
(
r∑
i=2
E(0)αi + E
(1)
−(α2+...+αr)
)
, ǫ− = µ
(
r∑
i=2
E
(0)
−αi + E
(−1)
α2+...+αr
)
, (4.27)
and their eigenstates are known to be [22], [23]
F±1,j(γ) =
∞∑
n=−∞
γ−rn
r−1∑
p=0
w±pjγ∓pE
(n)
±(α1+...+α(p+1))
, (4.28)
Fa,j =
cˆ
(wa − 1)
+
∑
n∈Z
γ−rn
r−1∑
i=1
h
(n)
i+1
i∑
p=1
wa(i−p)
+
r−1∑
b=1
∑
n∈Z
wbjγ−(b+nr)
(
r−b∑
i=1
wa(i−1)E
(n)
αi+1+αi+2+···+αi+b
+
b∑
i=1
wa(i+r−1−b)E
(n+1)
−(αi+1+αi+2+···+αi+r−b)
)
(4.29)
where j = 1, ..., r, a = 1, ..., r − 1 and w = exp
(
2πi
r
)
. Their eigenvalues are obtained from
[ǫ±, F s1,j(γ)] = −sµw
∓jγ±F s1,j(γ), s = ± (4.30)
[ǫ±, Fa,j(γ)] = µw
∓j(w±a − 1)γ±Fa,j(γ). (4.31)
Although there are r(r + 1) vertices we can classify them into subsets such that all
vertices within a subset are equivalent in the sense that they all provide the same solution
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by redefinition of the spectral parameter. In fact, such equivalence is established directly
from the form of the eigenstates. It then follows
F±1,r(γ = γ˜w
−j) = F±1,j(γ = γ˜), (4.32)
Fa,r(γ = γ˜w
−j) = Fa,j(γ = γ˜). (4.33)
For convenience we shall be considering solutions corresponding to one representative of each
subset, namely, F±1,r, Fd,r, d = 1, · · · r − 1. For γ
∗ = γ−1 one can find,
F+1,j
†
(γ) = F−1,j(γ), F
†
a,j(γ) = Fr−a,(j−a) mod r(γ) (4.34)
4.3 Degenerate Physical States - The Structure of Solutions
In this section we shall classify the soliton solutions, and discuss their properties in terms of
the algebraic structure of the r + 1 vertex operators: F±1,r, Fd,r, d = 1, · · · , r − 1.
Appart from the vacuum solution, characterized by zero energy and momentum, the basic
soliton solutions are called 1-soliton ( 1-antisoliton ), the scattering of two 1-solitons results
in a 2-soliton solution and so on. There are also bound states of two 1-soliton solutions,
whose basic property is that their energy is smaller than the sum of energies corresponding
to two 1-soliton solutions.
A solution constructed with a single vertex g = eF where F = F−1,r or F
+
1,r is a vacuum
solution, since they contain only step operators and annihilate the diagonal matrix elements
in (4.18). Those matrix elements define the spectra (i.e., mass, energy, momentum, electric
charge). In the first case the only nontrivial tau function is
τχ = a exp[−
µz
γ
+ µγz¯] (4.35)
where (a, γ) are complex constants. The other tau functions vanish identically, i.e.
τ0 = τR = τψ = τj = 0 (4.36)
This implies that the field χ 6= 0 and ψ = 0. Since the stress energy momentum depend upon
the product ψχ and its derivatives, such solution corresponds to energy and momentum E =
P = 0. Analogously for F+1,r where ψ → χ and similarly for the sum
∑N
i=1 aiF
s
1,r(γi), s = ±1.
In other words, N vertices F−1,r or F
+
1,r result in the physical vacuum (where N is arbitrary).
There are two basic 1-soliton solutions. They are provided by the constant group elements
g = exp[cFd,r(γ)] (4.37)
or
g = exp[aF−1,r(γ1)] exp[bF
+
1,r(γ2)] (4.38)
The first provide electric charge Qel = 0, since the structure of Fd,r in eqns. (4.18) leads to
R = 0 ( Fd,r does not contain h
(0)
1 ), while in the second Qel 6= 0. In this sense one can say
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that Fd,r are neutral vertices while both F
−
1,r, F
+
1,r are charged vertices. It will be shown in
the next section that (4.37) provides the solution of the A
(1)
r−1 abelian affine Toda model.
The solutions obtained from
g = exp[cFd,r(γ)]Π
N
i=1 exp[aiF
s
1,r(γi)] (4.39)
and
g = exp[aF−1,r(γ1)] exp[bF
+
1,r(γ2)] exp[cF
s
1,r(γ3)] (4.40)
where s = +1 or s = −1 correspond to the same energy and momentum as those obtained
from (4.37) and (4.38) respectively. However their explicit form (τ -functions ) differ and
may involve more parameters (see Sect. 5).
There are three basic 2-soliton solutions characterized by
g = exp[c1Fd1,r(γ1)] exp[c2Fd2,r(γ2)] (4.41)
g = exp[aF−1,r(γ1)] exp[bF
+
1,r(γ2)] exp[cFd,r(γ3)] (4.42)
g = exp[aF−1,r(γ1)] exp[bF
+
1,r(γ2)] exp[cF
−
1,r(γ3)] exp[dF
+
1,r(γ4)] (4.43)
It will be shown that the respective energies correspond to the sum of the 1-soliton individual
energy.
The solution corresponding to (4.41) is the 2-soliton of the A
(1)
r−1 abelian affine Toda
model. If we now take
g = exp[c1Fd1,r(γ1)] exp[c2Fd2,r(γ2)]Π
N
i=1 exp[aiF
s
1,r(γi)], (4.44)
s = ±1, the corresponding solutions will have the same energy and momentum as those
obtained from (4.41) and are also 2-soliton solutions.
We have three basic bound states solutions. As in the 2-soliton solutions they arise from
(4.41), (4.42) and (4.43), but the specific choice of the parameters γ is different.
5 1-Soliton Solutions
5.1 Neutral 1-soliton
Our model (1.1) has two basic independent 1-soliton solutions. The first one is obtained by
taking the constant group element g as
g = exp[cFd,r(γ)], (5.1)
where Fd,r is given in (4.29), c, γ are complex constants and d = 1, · · · , r − 1 describe the
different species of the soliton. The corresponding solution solution obtained from (4.18) is
τ0 = τR = 1 + e
ζ+H , τψ = τχ = 0; τj = 1 + w
d(j−1)eζ+H, j = 2, ..., r (5.2)
where
H = 2µ(−1)n sin(
πd
r
) cosh(S) (x− t tanh(S)) , n ∈ Z, S ∈ R. (5.3)
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w = exp(2πi
r
) and ζ = ζR + iζI are related to the specific parametrization
γ = i(−1)nw−
d
2 eS, c = (wd − 1)eζ (5.4)
This choice of γ is such that the solution will have real energy and momentum. The parameter
S is the rapidity |v| = tanh(S). The real part of ζ = ζR corresponds to shifts in space time
and its imaginary part ζI is in general associated to the topological charge.
Since the nonlocal field R is constant it follows that Qel = 0. It is in this sense that one
can say that Fd,r are neutral vertices. The topological charge is determined in terms of non
trivial zeros of the potential (see (2.25)) by ϕj , i.e.
Qtopj =
1
2πi
∫ ∞
−∞
∂xϕjdx = (j − 1)Qmag, j = 2, · · · r (5.5)
where Qmag = ±
1
r
(d)|mod r
The mass is obtained from τ0 as described in the appendix D
M =
E
cosh(S)
=
P
sinhS
=
2kµr
π
sin(
πd
r
) (5.6)
corresponding to the mass formula of the abelian affine Toda model A
(1)
r−1 [20].
An important remark to be pointed out is the fact that degenerate solutions can be
obtained by replacing the constant group element g in eqn. (5.1) by
g = exp[cFd,r(γ)]Π
N
i=1 exp[aiF
s
1,r(γi)] (5.7)
with arbitrary N . Since F±1,r only contain step operators, the resulting solution yields the
same spectra of mass, electric and topological charges. For instance, the group element in
(5.7) with s = −1 produces the same tau functions as in (5.2), the only exception being one
nonvanishing tau function,
τχ =
N∑
i=1
ai exp[−
µz
γi
+ µγiz¯], τψ = 0 (5.8)
Consequently, the field χ is different from zero but ψ = 0. Since the energy momentum tensor
depends explicitly on the product ψχ and on its derivatives, the solutions defined by g given
in (5.1) and in (5.7) with s = −1 are degenerate. Similarly, one can check that electric and
topological charges remain unchanged. The same is true with the solution obtained from g
in (5.7) with s = +1 interchanging ψ by χ.
5.2 Charged 1-Soliton Solution
In a our previous paper [9], electrically charged topological 1-soliton solution have been
constructed using the method of Backlund transformations. Here, we will employ the dressing
method with g chosen as
g = exp
[
aF−1,r(γ1)
]
exp
[
bF+1,r(γ2)
]
(5.9)
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where F±1,r are given in (4.28) and a, b, γ1 and γ2 are complex constants. From (4.18) we
obtain the solution
τ0 = 1 + e
ζ+2F , τR = 1 + (Γ1)
−reζ+2F
τj = 1 + (Γ1)
j−r−1eζ+2F , τχ = Γ2e
θ+iGe
ζ
2 , τψ = Γ2e
−(θ+iG)e
ζ
2 (5.10)
j = 2, · · · r, where
Γ1 = − exp(−2ia) =
γ1
γ2
, Γ2 =
√
(1− Γ1)((Γ1)−r − 1). (5.11)
F = µ cos(a) cosh(b)
(
x− t tanh(b)
)
, G = µ sin(a) sinh(b)
(
t coth(b)− x
)
(5.12)
a, b are real parameters, Θ, ζ are complex parameters. They correspond to a specific parametriza-
tion
γ1 = − exp(b− ia), γ2 = exp(b+ ia) (5.13)
a =
√√√√(1− γ1,2) (1− (γ1,2)r)
(γ1,2)
r exp
(
Θ+
1
2
ζ
)
(5.14)
and
b =
√√√√(1− γ1,2)(1− (γ1,2)r)
(γ1,2)r
exp
(
−Θ +
1
2
ζ
)
, (5.15)
where γi,j =
γi
γj
. The choice of (γ1, γ2) is such that ensures real energy and momentum.
The asymptotics of the field R lead to the electric charge
Qel = −
2kr
π
[
sign(cos(a¯))
(
π
2
sign(a¯)− a¯
)
− (n+1 − n
−
1 )
π
r
]
, n±1 ∈ Z. (5.16)
and Qel = 0 if cos(a¯) = 0. The topological charge Q
top
j = (j − 1)Qmag is given in terms of
the asymtoptics of the fields ϕj (2.25),
Qtopj =
(j − 1)
r
(n+ − n−)mod r, n
± ∈ Z. (5.17)
Using again the argument explained in the appendix D, we evaluate the mass of the
solution, yielding
M =
E
cosh(b¯)
=
P
sinh(b¯)
=
2kµr
π
| cos(a¯)| (5.18)
The same solution was also found using first order differential equations obtained from
Backlund transformation in ref. [9]. Following the discussion of Sect. 4.3, we shall show
that solution associated with
g = exp[aF−1,r(γ1)] exp[bF
+
1,r(γ2)] exp[cF
s
1,r(γ3)] (5.19)
16
will have the same energy and momentum as the one derived above. The general solution
can be calculated yielding, for s = −1
τ0 = 1 + ab
(γ1,2)
reFa+Fb
(1− γ1,2)(1− (γ1,2)r)
+ bc
(γ3,2)
reFb+Fc
(1− γ3,2)(1− (γ3,2)r)
τR = 1 + ab
eFa+Fb
(1− γ1,2)(1− (γ1,2)r)
+ bc
eFb+Fc
(1− γ3,2)(1− (γ3,2)r)
τj = 1 + ab
(γ1,2)
j−1eFa+Fb
(1− γ1,2)(1− (γ1,2)r)
+ bc
(γ3,2)
j−1eFb+Fc
(1− γ3,2)(1− (γ3,2)r)
τχ = ae
Fa + ceFc , τψ = be
Fb (5.20)
where
γ1 = e
aˆ+ia¯, γ2 = e
bˆ+ib¯, γ3 = e
cˆ+ic¯ (5.21)
a¯, aˆ, b¯, bˆ, c¯, cˆ are real numbers and
Fa = µt(cos(a¯) sinh(aˆ) + i sin(a¯) cosh(aˆ))− µx(cos(a¯) cosh(aˆ) + i sin(a¯) sinh(aˆ))
Fc = Fa(a¯→ c¯, aˆ→ cˆ), Fb = −Fa(a¯→ b¯, aˆ→ bˆ)
Following appendix D, the energy and the momentum for the case lim
x→+∞
(Fa+Fb) = lim
x→−∞
(Fb+
Fc) = +∞ are given as,
E = −
kµr
π
(cos(a¯) cosh(aˆ) + i sin(a¯) sinh(aˆ)− cos(c¯) cosh(cˆ)− i sin(c¯) sinh(cˆ))
P =
kµr
π
(cos(a¯) sinh(aˆ) + i sin(a¯) cosh(aˆ)− cos(c¯) sinh(cˆ)− i sin(c¯) cosh(cˆ)) (5.22)
The reality of the energy and momentum imply
sin(a¯) sinh(aˆ) = sin(c¯) sinh(cˆ), sin(a¯) cosh(aˆ) = sin(c¯) cosh(cˆ) (5.23)
leading to
aˆ = cˆ, sin(a¯) = sin(c¯), cos(a¯) = ± cos(c¯). (5.24)
The choice cos(a¯) = cos(c¯) gives zero mass configuration. The other choice results in a
perfect agreement with the mass formula already obtained with c = 0
M =
E
cosh(aˆ)
=
P
sinh(aˆ)
=
2kµr
π
| cos(a¯)| (5.25)
Taking c¯ = πsign(a¯)− a¯ we get the same electric charge Qel in (5.16). The other cases with
different asymptotic behaviour lead to the same results. The solution with s = +1 also gives
the same conclusion.
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6 Two Soliton Solutions and Time Delays
6.1 Two Soliton Solutions
The 2-soliton solutions represent the scattering of two 1-soliton solutions. These may be
composed of neutral or charged vertices given by products of exponentials associated to Fd,r
and (F+1,r, F
−
1,r). Combining the vertices we can obtain three different classes of 2-solitons:
• neutral-neutral (abelian) (Fd,r)⊗ (Fd,r)
• neutral-charged (Fd,r)⊗ (F
+
1,r, F
−
1,r)
• charged-charged (F+1,r, F
−
1,r)⊗ (F
+
1,r, F
−
1,r)
The same vertices also provide bound states solutions. These differ by the specific
parametrization of the spectral parameters. We will discuss, in this section the construction
of the neutral-charged case. The final result of the other two cases is shown in the appendix
C. Finally we will discuss the spectrum of the three solutions.
Consider
g = exp[aF−1,r(γ1)] exp[bF
+
1,r(γ2)] exp[cFd,r(γ3)] (6.1)
where a, b, c, γi are arbitrary complex constants, d = 1, · · · , r − 1 correspond to the neutral
specie. Details of the calculation of the tau functions (4.18) in terms of (6.1) are given in
the appendix A. We therefore obtain, in general
τ =
1∑
n1,n2,n3=0
Aτn1,n2,n3 exp[n1A1(γ1) + n2A2(γ2) + n3A3(γ3)] (6.2)
where τ = (τ0, τR, τj, τψ, τχ), A
τ
n1,n2,n3
are certain functions of γ1, γ2, γ3, a, b, c, A1(γ1) =
−µz
γ1
+ µγ1z¯, A2(γ2) = A1(−γ2) and A3(γ3) = −
µz
γ3
(w−d − 1) + µγ3z¯(w
d − 1). The tau
functions given by (6.2) lead to solutions of the equations of motion (3.6)-(3.9), with η = 0.
However nothing is said about its solitonic nature, which can be 2-soliton or a bound state.
The key point is to choose the spectral parameters in an appropriate way to ensure the reality
of the energy, momentum and electric charge (we emphasize that all solutions, including the
1-soliton were obtained following the same principle). For the neutral-charged case (6.2) we
have
τ0 = 1 + A
τ0
0,0,1 exp (A3(γ3)) + A
τ0
1,1,0 exp (A1(γ1) + A2(γ2)) + A
τ0
1,1,1 exp
(
3∑
i=1
Ai(γi)
)
(6.3)
and in general (E, P ) are proportional to linear combinations of ∂xAi(γi) and ∂tAi(γi), since
they depend upon the logarithmic derivatives of τ0. The simplest choice is A1(γ1)+A2(γ2) and
A3(γ3) to be real. One can see that this choice leads to A3 → H and A1 + A2 → 2F , where
H and F are the functions associated, respectively to the 1-soliton, neutral and charged,
expressions (5.3) and (5.12). Implying that such solution will have energy and momentum
obtained by the combination of the corresponding 1-soliton values. In this case, the electric
charge is already fixed to be real. The other nontrivial choice leads us to the bound state
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solution discussed in the next section. The explicit 2-soliton solution for all three cases are
presented in the appendix C. The energy, momentum and masses of the three solutions are
obtained according to eqn. (12.9) and (12.10)to be a surface term. They correspond to sums
of quantities associated to the 1-soliton.
The electric charge being evaluated as asymptotics of the non local field R is also a
surface term. It can be verified that it is the sum of electric charges of 1-solitons. Clearly,
the neutral-neutral is the abelian neutral 2-soliton and the charged-charged has two different
contributions to Qel. The topological charge is also the sum of two 1-soliton quantities.
6.2 Time Delays
The two soliton solutions describe the scattering of two 1-soliton solutions. It is known
that the effect of the scattering corresponds to a lateral displacement and associated time
delay [17]. To make clear our discussion, consider 1-soliton solutions described by the field
ξa(x− x0a − vat). Suppose that there exist a 2-soliton solution and let ξab(x0a, x0b, va, vb) be
the associated field. Suppose also that, by taking x− vat = const. we have
lim
t→±∞
ξab = Kξa(x− x0a − vat− x
±
a ) (6.4)
where K is some complex constant. It means that we are following the 1-soliton a. The
lateral displacement is defined by ∆a(x) = x
+
a − x
−
a leading to the time delay
∆a(t) = −
∆a(x)
va
(6.5)
In order to analyse the time delays for our 2-soliton solutions, note that the model has
more than one field. Let us define a convenient combination of fields by
φj = ϕj+1 − ϕj −
R
r + 1
, j = 1, · · · r (6.6)
ϕ1 = ϕr+1 = 0. There are three classes of 2-soliton solutions. We will analyse the neutral-
charged with details and present the conclusions for the other two cases (the neutral-neutral
(abelian ) is already shown in the literature [17]). The expression for eφj is
eφj =
1 + wdjeζ1+H + Γ−r+j1 e
ζ2+2F + wdjΓ−r+j1 ΓN,ce
ζ1+ζ2eH+2F
1 + wd(j−1)eζ1+H + Γ−r+j−11 e
ζ2+2F + wd(j−1)Γ−r+j−11 ΓN,ce
ζ1+ζ2eH+2F
(6.7)
where H = 2µ(−1)n sin(πd
r
) cosh(S) (x− t tanh(S)) and F = µ cos(a¯) cosh(b¯)
(
x− t tanh(b¯)
)
We take tanh(S) > 0, tanh(S)− tanh(b¯) > 0 and follow the 1-soliton associated to H :
x− t tanh(S) = const (6.8)
Substituting (6.8) in (6.7) we get for cos(a¯) > 0
lim
t→∞
exp[φj] = Γ1
(
1 + eζ1wdjΓn,ce
H
1 + eζ1wd(j−1)ΓN,ceH
)
(6.9)
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lim
t→−∞
exp[φj] =
(
1 + eζ1wdjeH
1 + eζ1wd(j−1)eH
)
(6.10)
and for cos(a¯) < 0, the limits are interchanged. The expression (6.10) corresponds exactly
to one soliton solution, however expression (6.9) is multiplied by a complex constant Γ1 and
has H shifted by ln(ΓN,c). Thus, for cos(a¯) > 0 x
−
H = 0 and x
+
H = −
ln(ΓN,c)
2µ(−1)n sin(pid
r
) cosh(S)
.
Then
∆H(x) =
−(−1)nsign(cos(a¯))ln(ΓN,c)
2µ cosh(S) sin(πd
r
)
(6.11)
where
ΓN,c =
cosh(S − b¯)− (−1)n sin(a¯+ πd
r
)
cosh(S − b¯)− (−1)n sin(a¯− πd
r
)
(6.12)
For (−1)nsign (cos(a¯)) = +1, we have ΓN,c ∈ [0, 1[ and hence ln(ΓN,c) < 0. On the other
hand, if (−1)nsign(cos(a¯)) = −1, ΓN,c ∈ [1,∞[ and ln(ΓN,c) > 0. Therefore, we can write
both cases in a compact form
∆H(x) =
|ln(ΓN,c)|
2µ cosh(S) sin(πd
r
)
≥ 0 (6.13)
Following the arguments of ref. [17] and under the kinematics assumed above, ∆H(x) > 0
implies that the force is attractive.
Under the same conditions tanh(S) > 0, tanh(S)−tanh(b¯) > 0 but following the 1-soliton
associated to F :
x− t tanh(b¯) = const (6.14)
we obtain
∆F (x) = −
|ln(ΓN,c)|
2µ cosh(b¯)| cos(a¯)|
(6.15)
Reversing the conditions tanh(b¯) > 0, tanh(b¯) − tanh(S) > 0, ∆H → −∆H ,∆F → −∆F .
The time delay is for tanh(S) > 0, tanh(S)− tanh(b¯) > 0
∆H(t) = −
|ln(ΓN,c)|
2µ sinh(S) sin(πd
r
)
, ∆F (t) =
|ln(ΓN,c)|
2µ sinh(b¯)| cos(a¯)|
(6.16)
Reversing the conditions for (S, b¯) leads to ∆H(t) → −∆H(t),∆F (t) → −∆F (t). The same
analysis can be done for the product (ψχ). A subtle point is that if we follow the 1-soliton
associated to H , we get lim
t→±∞
ψχ = 0 which corresponds to the abelian 1-soliton and does
not define the time delay. Following the 1-soliton associated to F , we get the corresponding
(ψχ) of the charged 1-soliton solution in (5.10) with K = wd and space displacement and
time delay given by the same expressions above.
The analysis of the lateral displacements and time delays for the abelian neutral-neutral
case is similar, replacing ΓN,c by ΓN,N interaction constant given by
ΓN,N =
cosh(S2 − S1)− (−1)
n2−n1 cos(π(d1−d2)
r
)
cosh(S2 − S1)− (−1)n2−n1 cos(
π(d1+d2)
r
)
(6.17)
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where d1, d2, S1, S2 are defined in Appendix C. The associated time delay in the CMF is
again negative leading to attractive forces.
Consider the solution given in (11.16) corresponding to the charged-charged case. Taking
vF1 = tanh(aˆ) > 0, tanh(aˆ) > tanh(fˆ) and following the 1-soliton associated to F1:
x− t tanh(aˆ) = const (6.18)
we get
∆F1(x) = −
sign(cos(f¯))ln(Γc,c)
2µ cosh(aˆ) cos(a¯)
(6.19)
where
Γc,c =
(
cosh(aˆ− fˆ)− cos(a¯− f¯)
) (
cosh(r(aˆ− fˆ))− cos(r(a¯− f¯))
)
(
cosh(aˆ− fˆ) + cos(a¯ + f¯)
) (
cosh(r(aˆ− fˆ))− (−1)r cos(r(a¯+ f¯))
) (6.20)
Analysing the last two eqns. we conclude that in general ∆F1(x) may be positive or negative.
Therefore this solution represents 2-soliton solution composed of atractive or repulsive forces
acting between two charged 1-solitons.
7 Bound States
The scattering of two basic 1-solitons gives rise to the 2-soliton and bound state solutions.
The most important diference between this last two kind of solutions is that the bound states
have energy smaller than the corresponding 2-soliton solution. Their difference defines the
binding energy.
As explained in the previous section we can obtain three classes of basic bound states:
neutral-neutral (abelian), neutral-charged and charged-charged. We will discuss here the
specific parametrization to the neutral-charged case. The final results are shown in the ap-
pendix C for all the cases. Consider the group element g given by (6.1) and the corresponding
tau functions (4.18). According to (12.9),(12.10) and (6.3), the energy and momentum are
proportional to linear combinations of ∂xAi(γi) and ∂tAi(γi). The most simple choice to ob-
tain real (E, P ) is to take A1(γ1) +A2(γ2) and A3(γ3) real giving rise to 2-soliton solutions.
However there is another alternative by taking A1(γ1) +A2(γ2) and A3(γ3) complex but the
combinations A1(γ1) + A2(γ2)± A3(γ3) to be real. This leads to
A3 → 2µ(−1)
n sin(
πd
r
) cosh(S)[(x− t tanh(S)) cos(q) + i(−t + x tanh(S)) sin(q)]
A1 + A2 → F1 + F2 (7.1)
where
F1 = µ cosh(S)[(x− t tanh(S)) cos(a¯ + a˜) + i(t− x tanh(S)) sin(a¯ + a˜)],
F2 = F1(a˜→ −a˜; i→ −i) (7.2)
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with the constraint
sin(
πd
r
) sin(q) + Sign[(−1)n cos(q) cos(a¯) cos(a˜)] cos(a¯) sin(a˜) = 0 (7.3)
The corresponding (E, P,M) are given by
M =
E
cosh(S)
=
P
sinh(S)
=
2krµ
π
(
| cos(a¯) cos(a˜)|+ | cos(q)| sin(
πd
r
)
)
(7.4)
This defines the binding energy
∆E =
2krµ
π
cosh(S)
(
| cos(a¯)|(| cos(a˜)| − 1) + sin(
πd
r
)(| cos(q)| − 1)
)
The electric charge is also real and is given by
Qel = −
2kr
π
(
sign (cos(a¯) cos(a˜)) [sign(a¯)
π
2
− a¯]− (n+1 − n
−
1 )
π
r
)
(7.5)
for cos(a¯) cos(a˜) 6= 0. The (E, P,M) for the other two bound states are
M =
E
cosh(S)
=
P
sinh(S)
=
2krµ
π
(
sin(
πd1
r
)| cos(q1)|+ sin(
πd2
r
)| cos(q2)|
)
(7.6)
for the neutral-neutral solution. For the charged-charged case and under the conditions
sign(cos(a¯ + a˜)) = sign(cos(a¯− a˜)) and sign(cos(f¯ + f˜)) = sign(cos(f¯ − f˜))
M =
E
cosh(aˆ)
=
P
sinh(aˆ)
=
2krµ
π
(
| cos(a¯) cos(a˜)|+ | cos(f¯) cos(f˜)|
)
(7.7)
Other conditions can be analysed following the same procedure. The abelian case has zero
electric charge while within the charged-charged case two different contributions appear ac-
cording to the combinations
cos(a¯) cos(a˜) > 0(< 0) and cos(f¯) cos(f˜) > 0(< 0). (7.8)
8 Outlook and Further Developments
In this paper, the soliton solutions of the axial A(1)r non abelian affine Toda model were
constructed and classified in terms of vertex operators within the dressing formalism. Those
axial models are characterized by the presence of an antisymmetric term (torsion term,
see eqns. (2.17) and (2.18)). To each axial NA affine Toda model, a T-dual counterpart,
torsionless model were obtained systematically in terms of vector gauging of the two-loop
WZW model [25]. Their 1-soliton solution for the A(1)r case is presented in [9].
A subclass of T-selfdual non abelian affine Toda models have been established in connec-
tion with Kac-Moody algebras whose Dynkin diagram possess a “Br-tail like” [25], namely
B(1)r , A
(2)
2r and D
(2)
r+1 and coincide precisely with the models discussed by Fateev [26].
A general study and classification of the soliton solutions of the torsionless T-dual and
T-selfdual models in terms of dressing formalism, τ -functions and vertex operators are still
to be completed and shall be reported elsewhere.
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9 Appendix A
Here we give an example of a typical calculation required to determine the tau functions.
Consider g = exp[aF−1,r(γ1)] exp[bF
+
1,r(γ2)]. Then since T0 = exp(−zǫ−) exp(z¯ǫ+) and
[ǫ±, F+1,r(γ2)] = −µγ
±
2 F
+
1,r(γ2), [ǫ
±, F−1,r(γ1)] = µγ
±
1 F
−
1,r(γ1) (9.1)
we get
T0gT
−1
0 = exp[aA1(γ1)F
−
1,r(γ1)] exp[bA2(γ2)F
+
1,r(γ2)] (9.2)
where
A1(γ1) =
(
−
µz
γ1
+ µz¯γ1
)
, A2(γ2) = A1(γ1 → −γ2) (9.3)
Let us now calculate
τ0 = 〈λ0|T0gT
−1
0 |λ0〉
= 〈λ0|1 + aA1(γ1)F
−
1,r + bA2(γ2)F
+
1,r(γ2) + abA1(γ1)A2(γ2)F
−
1,r(γ1)F
+
1,r(γ2)|λ0〉
(9.4)
The last step cames from the fact that F±1,r are associated to (nilpotent) vertex operators,
i.e., their square inside the matrix element vanish. Let
F±1,r(γ) =
∞∑
n=−∞
γ−nr
r−1∑
p=0
γ∓pE
(n)
±(α1+···+αp+1)
(9.5)
We see that
〈λ0|I|λ0〉 = 1, 〈λ0|F
±
1,r(γ)|λ0〉 = 0 (9.6)
where we have used the fact that E
(n)
(α1+···+αp+1)
|λ0〉 = 0, n ≥ 0. Also 〈λ0|E
(n)
−(α1+···+αp+1)
=
0, n ≤ 0 and [E
(n)
−(α1+···+αp+1)
, E
(n)
(α1+···+αp+1)
] = ncˆδm+n,0 −
∑p+1
j=1 h
(m+n)
j , leading to
〈λ0|F
−
1,r(γ1)F
+
1,r(γ2)|λ0〉 =
∑
n>0
nγrn2,1
r−1∑
p=0
γp1,2 =
γr2,1
(1− γr2,1)2
(1− γr1,2)
(1− γ1,2)
(9.7)
where γij =
γi
γj
.
10 Appendix B
In this appendix we want to show that the obtained tau functions do not depend upon
the order in which the vertices are put in the group element g. To be more precise, let
g = ΠNi=1e
αiFi(γi), with N arbitrary and Fi ∈ {F
±
1,r, Fd,r} and define
σj,kg = σj,k{e
α1F1(γ1) · · · eαjFj(γj) · · · eαkFk(γk) · · · eαNFN (γN )}
= {eα1F1(γ1) · · · eαkFk(γk) · · · eαjFj(γj) · · · eαNFN (γN )} (10.1)
for j 6= k, j, k = 1, · · · , N . We want to show that τ(g) = τ(σjk(g)), where τ = (τ0, τR, τj, τψ, τχ).
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Let us note that the vertex Fi can be written as Fi =
∑∞
n=−∞O(n)z
n, where z is some
complex constant and O(n) are linear combinations of the generators with the n dependence
comming only from (E(n)α , h
(n)
i ). Consider τ 6= (τψ, τχ), then
τ(g)− τ(σj,j+1(g)) = 〈λl|Π
N
i=1e
aiAi(γi)Fi(γi)|λl〉 − 〈λl|σj,j+1Π
N
i=1e
aiAi(γi)Fi(γi)|λl〉 (10.2)
where l = 0, · · · , r and Ai(γi) are certain functions of γi. Then we can expand the exponen-
tials and to join the corresponding terms. For example, the last terms,
〈λl|Π
N
i=1aiAi(γi)Fi(γi)|λl〉 − 〈λl|σj,j+1Π
N
i=1aiAi(γi)Fi(γi)|λl〉
= a21 · · · a
2
nA
2
1(γ1) · · ·A
2
N (γN)〈λl|F1(γ1) · · · [Fj(γj), Fj+1(γj+1)] · · ·FN (γN)|λl〉 (10.3)
This expression corresponds to the sum of products of N−1 operators, since the commutator
is equivalent to one operator. But, there are N integer dummy variables (summed from −∞
to ∞), one for each vertex. The standard algorithm to calculate the Kac-Moody matrix
element is to reduce step by step the product of N − 1 operators to one single operator
that can be evaluated. At each step of this process one reduces the number of unrestricted
independent dummy variables (i.e. ] −∞,∞[) by one. At the end of the process we have
N − 1 restricted (range 6=]−∞,∞[) dummy variables and one unrestricted. From the Kac-
Moody commutation relations one can see that there are only terms proportional to z′n or
nz′n for n unrestricted (z′ some complex constant) and therefore according to the relation∑∞
n=−∞ z
′n =
∑∞
n=−∞ nz
′n = 0 leads to the vanishing of (10.3). The same argument can be
used to show the vanishing of (10.2). Also it is possible to do the same to (τψ, τχ).
11 Appendix C
In this appendix we give the explicit solution of the three kinds of 2-solitons and bound
states.
a)neutral-neutral: This solution is obtained from g = exp[aFd1,r(γ1)] exp[bFd2,r(γ2)]
τ0 = 1 + e
ζ1+H1 + eζ2+H2 + ΓN,Ne
ζ1+ζ2eH1+H2
τj = 1 + w
d1(j−1)eζ1+H1 + wd2(j−1)eζ2+H2 + ΓN,Nw
(d1+d2)(j−1)eζ1+ζ2eH1+H2, j = 2, · · · r
τR = τ0, τψ = τχ = 0 (11.1)
where d1, d2 = 1, · · · r − 1, ζ1, ζ2 ∈ C, w = e
2pii
r . For the 2-soliton
Hk = 2µ(−1)
nk sin(
πdk
r
) cosh(Sk) (x− t tanh(Sk)) , k = 1, 2
ΓN,N =
cosh(S1 − S2)− (−1)
(n2−n1) cos(π
r
(d1 − d2))
cosh(S1 − S2)− (−1)(n2−n1) cos(
π
r
(d1 + d2))
, Sk ∈ R, nk ∈ Z (11.2)
For the bound state,
Hk = 2µ(−1)
nk sin(
πdk
r
) cosh(S)((x− t tanh(S)) cos(qk)
+ i(−t + x tanh(S)) sin(qk)),
Γ
(b)
N,N = Γ
(2−s)
N,N (S2 − S1 → i(q2 − q1)), S, q2, q1 ∈ R (11.3)
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with the constraint
sin(
πd1
r
) sin(q1) + Sign[(−1)
(n1+n2) cos(q1) cos(q2)] sin(
πd2
r
) sin(q2) = 0 (11.4)
b) Neutral-Charged:This solution is obtained from
g = exp[aF−1,r(γ1)] exp[bF
+
1,r(γ2)] exp[cFd,r(γ3)], (11.5)
τ0 = 1 + e
ζ1+H + eF1+F2eζ2 + ΓN,ce
ζ1+ζ2eH+F1+F2
τR = 1 + e
ζ1+H + Γ−r1 e
F1+F2eζ2 + Γ−r1 ΓN,ce
ζ1+ζ2eH+F1+F2
τj = 1 + w
d(j−1)eζ1+H + Γ−r+j−11 e
F1+F2eζ2 + wd(j−1)Γ−r+j−11 ΓN,ce
ζ1+ζ2eH+F1+F2
τχ = = Γ2e
θ+ 1
2
ζ2eF1(1 + Γ3e
ζ1+H),
τψ = Γ2e
−θ+ 1
2
ζ2eF2(1 + Γ4e
ζ1+H) (11.6)
where d = 1, · · · , r − 1, θ, ζ1, ζ2 ∈ C, Γ1,Γ2 are defined in (5.11).
For the 2-soliton.
F1 = F + iG, F2 = F − iG, (11.7)
F = µ cos(a¯) cosh(b¯)
(
x− t tanh(b¯)
)
G = µ sin(a¯) cosh(b¯)
(
t− x tanh(b¯)
)
H = 2µ(−1)n sin(
πd
r
) cosh(S) (x− t tanh(S)) (11.8)
Γ
(2−s)
3 = w
d1− i(−1)
ne−(S−b¯)e−ia¯w−
1
2
d
1− i(−1)ne−(S−b¯)e−ia¯w
1
2
d
, Γ
(2−s)
4 = Γ
(2−s)
3
(
(S − b¯)→ −(S − b¯)
)
(11.9)
Γ
(2−s)
N,c ≡ w
−dΓ
(2−s)
3 Γ
(2−s)
4 =
cosh(S − b¯)− (−1)n sin(a¯ + πd
r
)
cosh(S − b¯)− (−1)n sin(a¯− πd
r
)
, S, b¯, a¯ ∈ R, n ∈ Z (11.10)
For the bound state
Γ
(b)
3 = Γ
(2−s)
3 (S − b¯→ i(a˜ + q)), Γ
(b)
4 = Γ
(b)
3 (i(a˜+ q)→ −i(a˜ + q)) (11.11)
Γ
(b)
N,c = Γ
(2−s)
N,c (S − b¯→ i(a˜+ q)), a˜, q ∈ R (11.12)
F1 = µ cosh(S)[(x− t tanh(S)) cos(a¯ + a˜) + i(t− x tanh(S)) sin(a¯ + a˜)],
H = 2µ(−1)n sin(
πd
r
) cosh(S)[(x− t tanh(S)) cos(q) + i(−t + x tanh(S)) sin(q)]
(11.13)
F2 = F1(a˜→ −a˜; i→ −i) with the constraint
sin(
πd
r
) sin(q) + sign[(−1)n cos(q) cos(a¯) cos(a˜)] cos(a¯) sin(a˜) = 0 (11.14)
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c) Charged-Charged:This solution is obtained from
g = exp[aF−1,r(γa)] exp[bF
+
1,r(γb)] exp[cF
−
1,r(γf)] exp[gF
+
1,r(γg)], (11.15)
τ0 = 1 + e
ζ1+F1+F3 + eF2+F4eζ2 +K1e
F1+F4 +K2e
F2+F3 + Γc,ce
F1+F2+F3+F4eζ1+ζ2
τR = 1 + Γ
−r
1 e
F1+F3eζ1 + Γ−r2 e
ζ2eF2+F4 + Γ−r3 K1e
F1+F4
+ Γ−r4 K2e
F2+F3 + (Γ1Γ2)
−rΓc,ce
F1+F2+F3+F4eζ1+ζ2
τj = τR(Γ
−r
i → Γ
j−r−1
i ), i = 2, · · · r
τχ = e
θ1+
1
2
ζ1Ω1e
F1 + eθ2+
1
2
ζ2Ω2e
F2 + A1e
F1+F2+F4 + A2e
F1+F2+F3,
τψ = e
−θ1+
1
2
ζ1Ω1e
F3 + e−θ2+
1
2
ζ2Ω2e
F4 + A3e
F1+F3+F4 + A4e
F2+F3+F4 (11.16)
where
Γ1 = γa,b, Γ2 = γf,g Γ3 = γa,g Γ4 = γf,b Γ5 = γb,g
Ωi =
√
(1− Γi)(Γ
−r
i − 1), i = 1, 2, Ω
−1
j =
√
(1− Γj)(Γ
−r
j − 1), j = 3, 4,
K1 = e
θ1−θ2e
1
2
(ζ1+ζ2)Ω1Ω2Ω
2
3, K2 = e
θ2−θ1e
1
2
(ζ1+ζ2)Ω1Ω2Ω
2
4 (11.17)
where ζ1, ζ2, θ1, θ2 ∈ C, and
A1 = e
θ1+
1
2
ζ1+ζ2(Γ2 − Γ3)(Γ
r
2 − Γ
r
3)(Γ2Γ3)
−rΩ1Ω
2
3
A2 = e
θ2+
1
2
ζ2+ζ1(Γ4 − Γ1)(Γ
r
4 − Γ
r
1)(Γ1Γ4)
−rΩ2Ω
2
4
A3 = e
−θ2+
1
2
ζ2+ζ1(Γ3 − Γ1)(Γ
r
3 − Γ
r
1)(Γ1Γ3)
−rΩ2Ω
2
3
A4 = e
−θ1+
1
2
ζ1+ζ2(Γ2 − Γ4)(Γ
r
2 − Γ
r
4)(Γ2Γ4)
−rΩ1Ω
2
4
(11.18)
For the 2-soliton, F1 = F + iG, F3 = F − iG
F = µ cos(a¯) cosh(aˆ)(x− t tanh(aˆ)),
G = µ sin(a¯) cosh(aˆ)(t− x tanh(aˆ)),
(F2, F4) = (F1, F3)(a¯→ f¯ , aˆ→ fˆ) (11.19)
γa = −e
aˆ−ia¯, γb = e
aˆ+ia¯, γf = −e
fˆ−if¯ , γg = e
fˆ+if¯ (11.20)
Γ(2−s)c,c =
(cosh(aˆ− fˆ)− cos(a¯− f¯))
(
cosh(r(aˆ− fˆ))− cos(r(a¯− f¯))
)
(cosh(aˆ− fˆ) + cos(a¯ + f¯))
(
cosh(r(aˆ− fˆ))− (−1)r cos(r(a¯+ f¯))
) (11.21)
where a¯, aˆ, f¯ , fˆ ∈ R.
For the bound state
F1 = µ cosh(aˆ) ((x− t tanh(aˆ)) cos(a¯+ a˜) + i(t− x tanh(aˆ)) sin(a¯ + a˜))
F3 = F1(a˜→ −a˜; i→ −i), F2 = F1(a˜→ f˜ , a¯→ f¯), F4 = F1(a˜→ −f˜ , a¯→ f¯ ; i→ −i)
γa = −e
aˆ−i(a¯+a˜), γb = e
aˆ+i(a¯−a˜), γf = −e
aˆ−i(f¯+f˜), γg = e
aˆ+i(f¯−f˜)
Γ(b)c,c = Γ
(2−s)
c,c (aˆ− fˆ → i(a˜− f˜)), aˆ, a¯, a˜, f¯ , f˜ ∈ R, (11.22)
with the constraint
cos(a¯) sin(a˜) + sign[cos(a¯) cos(a˜) cos(f¯) cos(f˜)] cos(f¯) sin(f˜) = 0 (11.23)
26
12 Appendix D
In order to evaluate the energy and momentum of the system it is convenient to use the
procedure of ref. [21]. The canonical energy-momentum tensor defined from the action
(3.10) does not satisfy the traceless condition. Instead,
T αα = 2V, (12.1)
where V is the potential appearing in the lagrangean density (3.10). Using the equations of
motion (3.6)-(3.9), we find,
T αα = 4∂ρ∂
ρf = 4∂∂f, (12.2)
where
f = −
k
4π
{
r∑
i=2
ϕi +
r(r − 1)
2(r + 1)
R + rν
}
. (12.3)
and therefore define a traceless conformal energy-momentun tensor
Θµνcat = T
µν + 4 (∂µ∂ν − gµν∂ρ∂
ρ) f (12.4)
In ref. [21] it is argued that the total energy and total momentum are given by∫ ∞
−∞
dxT 00 = E = −4 (∂xf) |
x→∞
x→−∞ (12.5)
∫ ∞
−∞
dxT 01 = P = 4 (∂tf) |
x→∞
x→−∞. (12.6)
It follows that e−
4pi
k
f = τ0τ2 · · · τre
rµ2zz¯ and therefore for the energy momentum we have
E = −
(
−
k
π
)∂xτ0
τ0
+
∂xτ2
τ2
+ ...+
∂xτr
τr
+
∂x
(
erµ
2zz
)
erµ2zz
x→∞
x→−∞
(12.7)
and
P =
(
−
k
π
)∂tτ0
τ0
+
∂tτ2
τ2
+ ...+
∂tτr
τr
+
∂t
(
erµ
2zz
)
erµ2zz
x→∞
x→−∞
. (12.8)
the last term in eqn (12.8) does not contributes, while in (12.7) contributes with an infinite
value (zero point energy), which will be regularized.
From the explicit form of the solution, it is easy to check directly that each term in (12.7)
and in (12.8) yields the same asymptotic contribution and hence
E =
kr
π
(
∂xτ0
τ0
)x→∞
x→−∞
(12.9)
P = −
kr
π
(
∂tτ0
τ0
)x→∞
x→−∞
. (12.10)
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